An analytical method to calculate the multi-transverse mode static characteristics of index-guided VCSELs is presented. The steady-state solution of a model that takes into account the spatial dependence of both the electrical eld and the carrier density pro les is calculated. Power of the transverse modes is then obtained by solving a linear set of equations which coe cients are simple integrals involving modal and injected current density pro les. Analytical expressions are then derived for threshold currents of the transverse modes. Finally, simple analytical expressions are derived for single and two-mode operation.
INTRODUCTION
Vertical Cavity Surface Emitting Lasers (VCSELs) are highly attractive light sources for applications in interconnections and optical communications, because of their useful characteristics such as single longitudinal mode operation, low threshold current, wafer scale integration and low cost. Another issue of great importance for many of current and potential applications is the beam quality or transverse-mode behaviour 1?12 . It is well known that VCSELs can emit multiple high order transverse modes due to spatial hole burning (SHB) 1?12 . Since for numerous applications single transverse mode operation is essential several control strategies of the fundamental transverse mode have been proposed 13?22 . On the other hand multitransverse mode operation is essential when VCSELs are used in multimode ber-based optical interconnection systems 6;23 because the use of multimode bers must be accompanied by a multimode light source in order to reduce the modal noise 24 . An important consideration for such applications is the understanding of issues like small signal modulation response or Relative Intensity Noise (RIN) in multitransverse mode VCSEL. In fact recent studies show a rich structure including multiresonance peaks in both small signal modulation response 5;6 and RIN 25; 26 . Theoretical modeling based in numerical simulations of an spatially dependent rate equation 10 model has been used to explain the structure of both the small signal modulation response 5;6;27 and RIN 26;28 . Resonance peaks appearing in the previous VCSEL characteristics are thought to correspond to the relaxation oscillation frequencies of the transverse modes 5;6;28 . A way of con rming this result is the analytical calculation of RIN and modulation response for a multi-transverse mode VCSEL. This calculation can be performed by linearising the model equations around the analytical steady state. In this way the problem of calculating the steady state taking full account of the spatial dependence of the problem is relevant for the above mentioned applications.
Another application in which the analytical calculation of the multi-transverse mode steady state of VCSELs can be of interest is the design of optoelectronic systems incorporating VCSELs 29?31 . An e ective system design often requires a large number of simulations for design optimization and veri cation. Then numerical models with low computational cost are essential. Multi-dimensional models 10?12 , 32 are not appropriated for this task due to the large amount of computer time needed to nd the solution. This can be found in a quicker way by using a comprehensive circuit-level model of VCSELs that has been recently presented 31 . By solving a set of ordinary di erential equations that takes into account spatial e ects the dynamical evolution of the system have been calculated 29?31 . The calculation of the analytical multi-transverse mode steady state could then represent a further step in the solution of this problem because of the reduction in computer time with respect to the numerical solution of the set of di erential equations when used to nd the steady state.
In this paper we develop an analytical method to calculate the multi-transverse mode static characteristics of index-guided VCSELs. The steady-state solution of a model that includes the spatial dependence of electric eld and charge carriers 10;32 is found by using the Green's Function method. The analytical results obtained with this method are in agreement with numerical simulations of the model. The paper is organised as follows. In section II the spatial model is summarised. The multi-transverse mode steady-state solution of this model is derived in section III. In section IV analytical expressions are derived for threshold currents of the transverse modes. This general method is applied in section V to the particular case of a weakly-index guided VCSEL in which current is injected in a uniform way over the active region. A comparison of the results obtained with this analytical theory with the simulation results of the complete model is also performed. In section VI simple analytical expressions are derived for single and two-mode operation in the case of uniform injection of current over the active region. Finally, section VII is devoted to summarise and discuss the obtained results.
MODEL
The model utilised in the present work incorporates both spatial dependence of carrier and optical eld pro les 9?11 , 32 . The model can be used to describe dynamics in VCSELs provided that the modal pro les are determined by an e ective waveguide structure. This waveguide can be due to the lower refraction index of oxide current apertures in oxide con ned VCSELs or by the thermal lensing e ect in proton implanted VCSELs 33?36 . In the last part of this paper we will choose a particular structure and hence a particular family of modes (Linearly Polarized modes, LP) to work with, but we note that the model and the way of nding the steady-state solution could be also applied to some other families of modes 34?36 . more appropriated to describe di erent structures.
Assuming that the VCSEL can operate in several transverse modes simultaneously the electric eld is expressed as E(r; t) = 1 2 X i i (r)E i (t)e ?j! i t + cc: (1) where E i (t), i (r) and ! i are, respectively, the complex eld amplitude, electrical eld pro le and frequency of the i-transverse mode. It is appropriate to utilize a cylindrical coordinate system, r=(r; ) (where r and are the modulus and angle of the spatial vector in the plane junction, respectively) to describe the spatial distributions of charge carriers and optical elds in the structure. We have also assumed azimuthally independent modal eld pro les. In general these pro les depend on the angular coordinate and then an extension of the method to take into account the angular degree of freedom would be desirable. The way of performing this generalization will be discussed in Section VII. The active region of the device is taken to be of radius a, equal to radius of the waveguide, and of width d. We consider that the injected current density is distributed with a pro le given by j(r). We have assumed the same polarization direction for all transverse modes. This situation can be achieved by using some external mechanism of polarization control 37;38 (4) where i (t) is a real Gaussian noise term of zero mean and time correlation given by
In order to determine the temporal evolution of the modal gain and power it is necessary to calculate the time development of the spatial distribution of the carrier density in the laser active region: @N(r; t) @t = D r @ @r r @N(r; t) @r ? N(r; t)
where a j = v g ?=(2 d 2 j ) and D is the di usion constant. One posible way of nding the steady-state corresponding to the previous equations is by discretising the space and integrating in time until the variables reach a constant value with its corresponding long computational time. Another way is by nding the analytical expressions of the steady-state solution corresponding to the above presented equations. This is performed in the following section.
Analytical calculation of the steady-state
The deterministic steady state of the model is reached when dP i (t)=dt = 0 and @N(r; t)=@t = 0 and the stochastic terms are set to zero. Then equations 4 and 5 read: 
where
L n = p D n is the di usion length of the carriers, and I m and K m are modi ed Bessel functions of the rst and second kind, respectively 39 . Integrals appearing in Eq. 10 can be evaluated for simple shapes of the injected current. This is performed in section VI for the case of uniform injection of current over the active region. Since the modal gain is given by Eq. 3, Eq. 8 reads:
If we substitute N(r) (Eq. 9) in Eq. 12 we obtain a set of linear equations which unknowns are P i . The obtained linear system is: 
By solving this system we nd the multi-transverse mode steady state of the system. This is done by using the analytic expression of the solution of linear systems if the number of lasing modes is low or by applying the usual numerical routines used to solve these systems if the number of modes is high. Calculation of Light-current characteristics is then low computer time consuming because only some integrals involving modal and current injected pro les must be evaluated. Moreover, the great majority of these integrals (the used to calculate a ij ) only need to be evaluated once for each L-I curve because they do not depend on the injection current.
Threshold current calculation
The calculation of the threshold current of each transverse mode can be done by using the method developed in the previous section. This calculation is indeed necesary if we want to calculate multi-mode Light-current characteristics with no previous assumptions about modes that are lasing. In fact Eq. 13 is strictly valid only for lasing modes and then we have to know the current ranges over which modes are lasing to know which are the modes that have to be included in that equation. We will perform this calculation in the general case in which the injected current density pro le is of the form j(r) = jg(r), where g(r) is an adimensional function describing the shape of the injected current. Threshold current density, j th , is the minimum j at which the power of some mode (k?mode) becomes positive. k? mode is then the mode that appears at threshold. k has to be found and can be any of the modes, i = 1:::M, supported by the waveguide. If we assume that the i?mode is the one appearing at threshold, then a ii P i = b i is satis ed in a certain current range above threshold in which the VCSEL emits only in the i?mode. Because b i is an increasing function of j, j th;i is the value of j at which P i = b i =a ii becomes positive and then b i (j th;i ) = 0. We can obtain j th;i by solving the previous equation with the help of Eq. 15. Then k? mode will be the one that makes j th;i minimum and the threshold current density will be given by j th = min i h N 0 + 1
For current densities higher than j th the following simple and general algorithm can be used. Let us assume that the laser is simultaneously operating in p transverse modes. For each value of the current the following quantities can be found: power of each lasing transverse mode (obtained by solving the p p linear system of Eq. 13) and modal gain of each transverse mode (obtained by using Eqs 3 and 9). Three situations can now occur: (i) If power of a lasing mode decreases becoming zero then this mode is not longer a lasing mode and operation for the following value of the current must be calculated with the corresponding (p ? 1) (p ? 1) linear system. (ii) If the modal gain of a non-lasing mode reachs its threshold value this mode becomes a lasing mode and operation for the following value of the current must be calculated with the corresponding (p+1) (p+1) linear system. (iii) If none of these things happen then the number of lasing modes is maintained and operation for the following value of the current must be calculated with the corresponding p p linear system. In this paper we have generated analytical multimode L-I characteristics by calculating the threshold current (using Eq. 16) and by considering incremental steps
It is also posible to nd analytical expressions for threshold currents of the modes that appear at currents higher than j th . For instance, we will now nd the current density at which a second transverse mode (l?mode) begins to lase, j 0 th , in a similar way to the used in obtaining Eq. 16. If we assume that the i?mode (i 6 = k) is the one appearing at j 0 th , then a ii P i + a ik P k = b i , a ki P i + a kk P k = b k , are satis ed in a certain current range above j 0 th in which the VCSEL emits in i and k? modes. j 0 th;i is the value of j at which P i becomes positive and then (19) Then l? mode will be the one that makes j 0 th;i minimum and j 0 th = j 0 th;l .
Comparison between analytical theory and simulation
As previously mentioned this comparison is performed for the particular case of a weaklyindex guided VCSEL in which the current is uniformly injected in its active region. The cylindrical weakly{index guided VCSEL structure considered in the following analysis is illustrated schematically in Fig. 1 of Ref. 10 . The e ective refraction index at the core region, n core , is slightly greater than the one at the cladding region, n cladd . This condition is satis ed in proton-implanted and in selectively oxidised VCSELs where typical e ective index steps , n core ? n cladd , are of the order of 0.01 33 . The laser cavity is de ned by two highly re ecting mirrors separated by a distance, L, along the longitudinal axis. The modes supported by the assumed waveguide are conventionally denoted as the LP mn modes. Several modes (LP 01 , LP 02 , LP 11 , LP 12 , LP 21 , and LP 31 ) are supported by the assumed waveguide structure. All these modes will be considered in our calculations. The radial variation of the electric eld is given by mn (r) = J m (u mn r=a) J m (u mn ) if r a; mn (r) = K m (w mn r=a) K m (w mn ) otherwise: (20) Here u mn = a((n core mn ) 2 ? 2 ) 1=2 ; w mn = a( 2 ? (n cladd mn ) 2 ) 1=2 ; J m is a Bessel function of the rst kind and K m is a modi ed Bessel function of the second kind. In the present model, a cavity resonance condition is imposed in the form L = q where q is an integer (here, q = 8). The wavevector mn is obtained from eigenvalue equations 40 . Normalised intensity pro les are illustrated in Fig. 1 for some low order modes. We consider a uniform current injection over the active region and then the injected current density is taken to be of the form j(r) = jg(r) where g(r) = 1 if r < a and 0 elsewhere. We will now compare the results obtained with the analytical theory (Eqs. 13 ,14 ,15) with the simulation results of the complete model (Eqs. 4 ,5). As previously mentioned the steady-state of the complete model can be found by discretising the space and integrating in time until the variables reach a constant value with its corresponding long computational In this gure there are di erent light current characteristics obtained with the analytical theory (lines) and with the simulation of the complete model (symbols). Good agreement is obtained between both for di erent situations. These situations correspond to considering di erent photon lifetimes for di erent modes. These values depend on the exact details of the structure and can be found by using more realistic electromagnetic modelling of VCSELs 22;36 than the used in this paper. For instance in Fig. 2(a) equal photon lifetimes are considered for all modes while in Fig. 2(b) smaller photon lifetimes are considered for all modes except for LP 01 mode (in this way this mode is favoured). This situation occurs for instance in VCSELs where a shallow surface relief at the top of the laser has been made to select the LP 01 mode 22 . By changing the position and width of that surface relief di erent modes could be favoured. This is illustrated in Figs. 2(c)-(f) where the photon lifetime of the mode that is favoured is higher than the photon lifetime of the other modes. Reasonable results are obtained in Figs. 2(b) -(f) because the power of the favoured mode is always higher than the power when it is not favoured (Fig. 2(a) ). It is also seen from Figs. 2(a)-(f) that the power of each transverse mode depends linearly on the injection current density. Each time a transverse mode appears or dissappears slopes of these straight lines can change. The reason for this linear dependence will become clear in the following section.
Single and two-mode analysis
In this section we will write explicitly the analytical expressions for the single and two-mode operation of the VCSEL in the case of uniform injection of current over the active region. This kind of injection will let us to calculate explicitly the integral of Eq. 10 with the corresponding simpli cation of the expressions derived in sections III and IV. We note that this procedure can be easily extended for some other simple shapes of the injected current (for instance, a ring shaped current). An alternative way of solving Eq. 7 is by writing the solution as N(r) = A(r) + B(r). If 
is solution of Eq. 7. The integral of Eq. 10 can be evaluated by comparising the previous solution to Eq. 9. In this way we obtain: J(r) = jh(r) (26) Threshold current is easily evaluated by using J g (r) = J(r)=j = h(r) in Eq. 16. The power of the mode that appears at threshold (k? mode) in the single mode regime is obtained by using Eq. 13 (30) It is now apparent from Eqs. 27, 28, 29 that the power of each transverse mode depends linearly on the current density, j. The slope of these straight lines change when a new mode appears, as can be seen by comparing Eq. 27, 28 : the slope of P k (j) changes when the l? mode begins to lase.
Summary and Discussion
In this paper we have developed an analytical procedure based on the Green's Function method to calculate the multi-transverse mode static characteristics of index-guided VCSELs. This procedure permits us to nd analytical expressions for the steady-state solution of a model that includes the spatial dependence of electric eld and charge carriers. The analytical results obtained with this method are in agreement with numerical simulations of the model. The theory works well independently of the transverse mode that dominates in the Light-Current characteristics (situations that have been described by considering di erent photon lifetimes). Analytical expressions depend explicitly on the shape of the current injected in the active region, j(r), and on the shape of the intensity of the transverse modes, 2 j (r). This means that these expressions can also be applied when more realistic modellings 22;36 of the electrical and electromagnetic problem (than those used in this paper) have been used to calculate j(r) and 2 j (r). The application of this analytical method to generate multi-transverse mode L-I characteristics is limited to index-guided devices for which the guide is strong enough. This is due to the underlying assumption made in the model 10 of modal shapes that do not change when changing the injected current. Another restriction of the proposed method is the assumption of azimuthally independent power distribution in the junction plane. Because quite often the power distribution has angular dependence an extension of the method reported in this paper would constitute a signi cative improvement. This extension can be performed by applying the same analytical procedure to the set of di usion equations (Eqs. (8)-(10) of 32 ) that appear when azimuthally dependence of both, carrier and modal pro les, is taken into account. This development will be the subject of future work. In the model used, the only source of di erent modal gain is the overlap of the modal power with the carrier distribution. The wavelength dependence of the gain, transparency carrier density and factor have been disregarded. This is a valid approximation when the modes have all very similar wavelengths or when the waveguide index step is not too strong 41 , but it does not always hold. An extension of the method to deal with the general case could be performed by considering a semiempirical dependence of these quantities on the wavelength 31 . Since thermal e ects are also very important in determining the Light-Current characteristics 42 thermal e ects should also be included to obtain realistic L-I currents with the typical thermal roll-over. A simple way of incorporating thermal e ects in the model is by considering a semiempirical dependence of the material gain and of the active-layer carrier leakage 43 with the temperature. This description has been recently made 31 with good results for several types of VCSEL structures. The consideration of the combined dependence on wavelength and temperature of the gain could then describe the selection of the mode at threshold due to e ect of the relative detuning between the gain peak and the cavity resonancies. This e ect has not been taken into account in our simpli ed model and then the fundamental mode is always selected at threshold as it is commonly found in experiments 1;2;4 , 44?48 Finally, we would like to remark that analytical solutions, like the one found in this paper, can contribute to signi catively reduce the computing time for VCSEL modelling. This requirement seems essential for the design of some optoelectronic systems incorporating VCSELs. 
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